We show that without Lorentz invariance, the Unruh effect does not exist. We use modified dispersion relations and describe in turn: the non-thermal nature of the vacuum (defined in the preferred frame) restricted to the Rindler wedge, the loss of the KMS property of the Wigthman function, the transition amplitudes and transition rates of a uniformaly accelerated detector. This situation seems to contrast with the Hawking radiation of acoustic black holes, which under certain assumptions has been shown to be robust to a breaking of Lorentz symmetry. We explain this discrepancy.
It is well understood that Unruh effect and Hawking radiation are physically distinct phenomena but with a common root, if not a physical at least a mathematical one [1] . Yet, the reason of this analogy is not fully understood.
The situation seems in fact paradoxical. On one hand, we are going to show that the Unruh effect is inseparable from Lorentz symmetry: without the latter, the former does not exist. On the other hand, the study of black holes analogues in supersonic fluids and Bose-Einstein condensates, the so-called acoustic black holes or dumb holes, has shown (under certain assumptions) that the defining properties of Hawking radiation (in that case a stationary and thermal flux of phonons escaping from the sonic horizon to infinity) are robust to a breaking of Lorentz symmetry, see [2] for a review. So how can they be related ? A reconciliation of these two results seems necessary in view of the analogy mentioned above.
The fundamental role played by Lorentz symmetry in the existence of the Unruh effect is particularly clear from the algebraic proof of this one [3, 4] . This proof establishes, at the level of the operator algebra, that the Minkowski vacuum restricted to a Rindler wedge is a thermal state with respect to the boost parameter. This theorem is proved in the framework of axiomatic field theories, which makes the instrumental role of Lorentz symmetry abundantly clear. Yet one can wonder whether, in the absence of the invariance under boosts, the Unruh effect exists in a more operational sense (outside transients of course). As we will show, the answer is negative.
We conducted a complete analysis of the Unruh effect without Lorentz invariance. We examine the mapping between Minkowski and Rindler Fock spaces (Unruh modes and Bogoliubov transformations), the Wightman function, and the transition amplitudes and transition rates of a detector coupled to the field. Lorentz symmetry considerably constrains the structure of field theories and renders all these descriptions of the effect equivalent. The unifying role of Lorentz symmetry and the instrumental role of the stable vacuum are recalled in sec. I. Without Lorentz symmetry, each quantity answers to a different question as will be explained in sec. II. Finally we will compare Unruh and Hawking effects in section III. The reader will find the main results summarized and discussed in the subsection E of each section.
I. UNRUH EFFECT WITH LORENTZ INVARIANCE
We set up our notations and review the Lorentz invariant case. The contend of this section is not new but our presentation, which lays emphasis on the role of Lorentz symmetry, may be original, see in particular sec. I E. We refer to the review articles [5, 6] for more details.
We consider the simple case of a free massless scalar field ϕ(t, x) in Minkowski space-time. In inertial frames equiped with a global and cartesian coordinate system, i.e. ds 2 = −dt 2 + δ ij dx i dx j with units c = 1, the wave equation is
The field is assumed to be neutral so its creation and annihilation parts are conjugate from one another
where ϕ k (t, x) = e −iω k t+ikx (2π) 3 2ω k (3) arXiv:1003.0112v1 [gr-qc] 27 Feb 2010
are the plane wave solutions of (1) with positive frequency w.r.t the inertial time coordinates, i.e. i∂ t ϕ k = ω k ϕ k , ω k > 0. For massless fields the dispersion relation is of course ω k = k ≡ |k|. The state of the field is the Lorentz invariant ground state defined by a k |0 M = 0 for all k.
A two-level point detector is coupled to the field as described by the interaction Hamiltonian
g is a dimensionless coupling constant. |∓ are respectively the ground and excited energy eigenstates. They are separated by the energy gap E > 0 in the detector's rest frame. τ is the detector's proper time and x a (τ ) the detector's trajectory. The latter will be constrained to be linear, and we can choose the coordinates such that the detector moves along the z-axis. Inertial (In) timelike trajectories with velocity β are therefore parametrized by
where γ = (1 − β 2 ) −1/2 is the Lorentz factor. Uniformly Accelerated (UA) detectors with acceleration a = 
The corresponding Lorentz factor is Γ(τ ) ≡ dt dτ = cosh(aτ ) .
The literature on the Unruh effect is sometimes confused on the definition of the effect. There are two different aspects to it. The first aspect is the thermal nature of the Minkowski vacuum for observables with support in a Rindler wedge. The R(ight) and L(eft) Rindler wedges of Minkowski space are the open sets {(t, x, y, z)/z ≶ 0, |t| < ±z}. They are both static, globally hyperbolic space-times, so that a consistent quantum theory can be defined on them [7] . This theory is not equivalent to the usual quantization in the full Minkowski space-time. Rather, the Minkowski vacuum corresponds to a thermal state of Rindler quanta at "temperature 1/2π" (in arbitrary units). The second aspect is the operational meaning of the previous result in terms of the response of a UA detector [8] . (As we can see from (6) , a UA trajectory is confined to a Rindler wedge.) To wit, the S-matrix elements and transition rates of the detector verify detailed balance.
The thermal nature of the Minkowski vacuum restricted to a Rindler wedge is recalled in section I A and the Wightman function is described in I B. We then consider the dynamics of the detector introduced at eq. (4). We will see respectively in sec. I C and I D that the Bogoliubov coefficients of section I A are proportional to the S-matrix elements of the processes |∓ → |± + k, and that the Wightman function transmits its properties to the transition rates which are essentially the Fourier transform of the former. We will insist on how the results are related by Lorentz symmetry. We therefore do not choose to define the Unruh effect by one or the other aspect because by Lorentz invariance they are equivalent.
A. The Minkowski state for observables in a
Rindler wedge
The proof begins with the definition of the field theory in the static, globally hyperbolic Rindler wedges. The metric in the R wedge can be brought in the static form by the following change of coordinates t = κ −1 e κζ sinh(κη) , z = κ −1 e κζ cosh(κη)
where κ is an arbitrary energy scale. We choose units κ = 1. The line element is ds 2 = e 2ζ (−dη 2 + dζ 2 ) + dx 2 + dy 2 . The timelike Killing vector ∂ η corresponds in the R wedge to the generator z∂ t + t∂ z of boosts in the z-direction. The future and past horizons are respectively
The null coordinates u = η − ζ and v = η + ζ will be usefull. Letting x ⊥ = (x, y), the field equation (1) in these coordinates is
Since the metric is static, the solutions of (10) can be classified according to the eigenfunction of the timelike Killing vector field i∂ η = λ where λ > 0, given by
Similarly in the L quadrant we can introduce the coordinates (η, x, y,ζ) defined by
We chose dt/dη < 0 because the boost Killing vector field t∂ z +z∂ t is timelike and past-directed in that wedge. This convention implies that the modes defined by
are positive frequency Rindler modes. This double familly of modes form a complete orthonormal basis on which the field can be decomposed
We designate by |0 R,L the vacua in the R and L wedges respectively.
To an observer living in the R-wedge, that is an observer measuring observablesÔ R ⊗ 1 L , the Minkowski vacuum appears to be the mixed state ρ defined by
where the partial trace Tr L is over the Hilbert space of the theory defined in the L-wedge. If the field theory is free, it is possible to calculate ρ explicitely. To this end, one first establishes the unitary map between |0 M and the Rindler Fock states, or equivalently, since the theory is free, a unitary transformation between the positive frequency Minkowski modes (3) and the Rindler modes (11) and (13) . From now on we do not write the subscript k ⊥ anymore since it is obvious that the map does not mix different transverse wavevectors. This map is found by appealing for the stability of the Minkowski vacuum and the concomitant analytic properties of the Minkowski modes. Namely, the stability of the vacuum in any inertial frame is tantamount to the analyticity and boundedness of the positive frequency Minkowski modes (3) in the domain T = x + iy|y 0 < 0 , |y 0 | ≥ |y| . Since any linear combination of positive frequency Minkowski modes is also analytic and bounded in T , the idea is to define a new familly of modes ϕ U Ω , defined in the complete Minkowski space, such that i) they are eigenmodes of the boost Killing vector z∂ t + t∂ z , hence of the form (no Rindler-frequency mixing)
ii) admit the decomposition into positive frequency Minkowski modes
iii) and are orthonormal and complete (w.r.t. the KleinGordon product). This basis of solutions of the wave equation, called the Unruh modes, characterizes the Minkowski vacuum and contains within its definition (17) the mapping we are looking for [8] .
For the function ϕ U Ω introduced in eqs. (17) to be defined on the entire Minkowski space, we need to extend the definition of the Rindler modes ϕ R to the L-wedge. From now on ϕ R λ denotes the function equal to the r.h.s. of (11) in the R-wedge, and equal to zero in the L-wedge. We define similarly ϕ L λ the extension of the L-Rindler modes (13) to the R-wedge.
The task to find the Bogoliubov coefficients α Ω and β Ω such that ϕ is simplified by the following theorem [1] : any solution of the Klein-Gordon equation in dimensions more than 2 is characterized by its restriction to either H + or H − . Written in terms of the null coordinates U = t − z and V = t + z, the positive frequency Minkowski modes (19) are analytic and bounded functions for the complex values of U and V such that Im(V ) < 0 and Im(U ) < 0 because ω
We therefore require that the restriction of the linear combination (17) on, say the future horizon shares the same property. The asymptotic form of (11) near H + is the sum of two terms
We do not need the expression of N λ for the moment. On H + , u = ∞ and v is finite, so the first term is singular. When the modes are superposed to form wave-packets, the term which rapidly oscillates as the wave-packet nears the horizon does not contribute. The reason for considering wavepackets is that fields are operator valued distributions, and therefore must be smeared. (We did not bring up this issue before because it is the only place in this section where it is mandatory to use wavepackets instead of modes.) So we retain only the second term. Since the null coordinates are related by V | R = e v and V | L = −ev, the r.h.s. of (17) is
and similarly for Ω < 0. The unique analytic continua-
where the branch cut of the logarithm extended to the complex plane is chosen along the negative real axis. The relative weight is therefore
and ϕ U Ω is normalised if
α Ω can be chosen real. A direct calculation finally shows that the ϕ U Ω form a complete familly, so that the field can be represented as follows
and the Minkowski vacuum is characterized by
One can invert the relations (17) to relate the creation and annihilation operators
where U is the squeezing operator
This is the unitary map we where after. The Minkowski vacuum is indeed related to the Rindler Fock states by
In consequence, an observer living in say the R wedge interpretes the Minkowski vacuum as a thermal bath of R-quanta at the temperature T = 1/2π
We finally mention that the Bogoliubov coefficients have two different physical interpretations. The first is provided by (26): they describe the mean values and correlations of Rindler quanta in the Minkowski vacuum
The second interpretation is given by their proportionality to the S-matrix elements, see eq. 50. These identities as well as the expressions of the coefficients A and B in eq. (18) are established in appendix A.
B. Wightman function
The interpretation of |0 M either as the ground state or a thermal state is reflected in the corresponding expressions of the two-point Wightman function. For arbitrary events with inertial coordinates y and x + y,
The last expression exhibits the analyticity of W in the lower half complex x 0 -plane and can be obtained from the integral representation by the introduction of a regulator e − k . This regulator implements the stability of the vacuum since, as we already saw, the Minkowski modes (3) are analytic and bounded in the complex space-time domain T = x + iy| y 0 < 0 , |y 0 | ≥ |y| . By Lorentz invariance, this in turn is equivalent to say that the one dimensional section of the Wightman function on the inertial straight lines is an analytic function of the complexified affine parameter τ of the geodesics in the lower half plane Im(τ ) < 0. The expression of the Wightman function, when both points belong to a common inertial trajectory (5),
is indeed an analytic function in the lower half complex τ -plane, where τ 2 = (x 0 ) 2 − |x| 2 . The expression of the Wightman function when x and y are arbitrary points in the R wedge is not illuminating. It becomes interesting only if the points are on an orbit of the generators of boosts such as the linearly UA trajectory (6)
This function enjoys two important properties. First, it depends only on the difference τ of the proper times, because the vacuum is Lorentz invariant and a shift of τ corresponds to a boost. Second, (33) verifies the KMS condition
which is the definition of an equilibrium state of temperature a/2π. Finally, the expression of the Wightman function on two points in opposite Rindler wedges, both at proper distance a −1 from the horizons, that is the points
is given by
where δ = (τ −τ )/2 (recall that −τ is the future directed proper time on the UA trajectory in the L-wedge), see also sec. IV.C in [9] . The correlations are maximal for pairs of conjugate points τ = τ and decay exponentialy outside the region |δ| ≥ 1/a. The Fourier transform of the Wightman function w.r.t. δ is
One recognizes the factor α λ β λ of the Bogoliubov coefficients (22) and (23). To show this directly, we use the expansion of the field in terms of Unruh modes (24) and evaluate the expression on the points (35) with the help of the relations (17)
The identity
combined with the expressions (23) and (22) finally gives
whose Fourier transform w.r.t. to δ = (τ − τ )/2 is (37).
C. S-matrix elements
The S-matrix element of the process |∓ → |± +k, i.e. the exitation (desexitation) of the detector accompanied by the emission of a particle of momentum k from the Minkowski vacuum |0 M are at the lowest order
For the inertial trajectories (5) we get
where
is the energy of the scalar quantum in the rest frame of the detector. This quantity is stricktly positive in any Lorentz frame, as a consequence of the stability of the Lorentz invariant vacuum. Hence the amplitude to spontaneously emit a quantum from the ground state vanishes. The Dirac distribution δ(ω k − E) in the amplitude A − is the expression of the conservation of energy. These amplitudes are literaly the expression of the stability of the vacuum. For the UA trajectory, we choose the scale κ = a in the coordinate system (8) so that the time coordinate η coincides with the proper time along the UA trajectory (6) , which now coincides with the coordinate curve ζ = 0. We introduce the shorthand notations
We look for an analytic expression of the integral in
We recall that ω
z , so that both k ± are positive. We assume first k ⊥ = 0. After the change of variables y = x + ln k − /k + the amplitude reads
We evaluate it as a contour integral along the rectangle with edges on Im(y) = 0 and Im(y) = −π/2. The integrals along the vertical axis vanish and the integral along Im(y) = −π/2 is the integral representation of the modified Bessel function 2K ν (z) =
The case k ⊥ = 0 must be treated separately but the expressions turn out to be the limiting values of the r.h.s. of (47) [10] . Since K −ν (x) = K ν (x), the corresponding probabilities
by a Boltzman factor
The origin of the Boltzmann ratio and the relationship with the analytic structure of the Wightman function are perhaps better understood from the saddle point approximation of (46). The saddle points of A ± are Last but not least, the S-matrix elements are proportional to the Bogoliubov coefficients between Minkowski and Rindler modes (these expressions are shown in appendix A),
This is the consequence of the facts that trajectories of UA observers are curves of constant Rindler coordinate ζ, and along these trajectories τ = aη is proportional to the Rindler time coordinate. In consequence the amplitudes and Bogoliubov coefficients are essentially given by the same integral. Lorentz symmetry thus endows the Bogoliubov coefficents with a dynamical interpretation.
D. Transition rates
From the S-matrix elements of the previous section one forms the inclusive probabilities
by summing over the final states of the field. They can be calculated directly from the expressions of the probability amplitudes given in the previous section, or alternately by exchanging the order of integration over k and time. The calculation is facilitated by keeping the upper bound of the time integration in (41) finite and taking the limit τ → ∞ at the end. Calculations with the first method can be found in [6] . We adopt the second method [5] which relates the probability to the Wightman function of the field,
where the Wightman function is evaluated at two points on the trajectory of the detector. The corresponding transition rates of the detector are defined by
From the expressions (32) and (33), we see that W (τ, τ − τ ) in the integrand depends only on the difference of its arguments τ both for inertial (5) and UA trajectories (6) . The rates R ± are thus time-independent. Again, this is because both trajectories are orbits of a Killing vector of Minkowski space and because the Minkowski vacuum state is annihilated by the corresponding generators. Namely, inertial trajectories are invariant by time-translation since ∂ τ | In = γ∂ t , and for UA trajectories a translation along the proper time is a boost since ∂ τ | ua ∝ t∂ z + z∂ t .
With this simplification, one can write (53) as an integral along the entire real line
where W(τ ) is either (32) or (33). One can calculate this integral by the method of residues. On inertial trajectories, the Wightman function (32) has a double pole a τ = i and is analytic in the lower half complex τ -plane (since > 0), which yields
The first rate vanishes because of the stability of the vacuum in all Lorentz frames. For UA trajectories, the Wightman function (33) has now a countable family of double poles τ n = i(n2π/a + ) periodically spaced on the imaginary axis. As a result
As for the amplitudes, the Boltzmann factor follows directly from this periodicity and the stability of the vacuum (the i prescription says that the pole τ 0 counts in
E. The double role of Lorentz symmetry
Lorentz invariance is instrumental in the previous results in two respects. First, to ensure the stability of the ground state in every frame. The latter is sole responsible of the properties of inertial detectors. This stability implies i) the analyticity and boundedness of the Minkowski modes (3) on an inertial trajectory in the domain Im(τ ) < 0. This in turns implies ii) the analyticity of the Wightman function in Im(τ ) < 0, iii) A These four properties are in fact equivalent. Three of the equivalences can readily be shown directly: i) ⇔ ii) because the measure d 3 k/ω k is Lorentz invariant; i) ⇔ iii) and ii) ⇔ iv) by Fourier transform (45) and (54) respectively. One can also show directly that the transition amplitudes give back the transition rates, again thanks to the Lorentz invariant measure.
The second role of Lorentz symmetry pertains to the UA trajectories (6) , which are orbits of the generator of boosts along the direction z, and are periodic in Im(τ ). The first property implies stationarity, and the second property combined with the stability of the vacuum gives the thermal spectrum. a) These properties correspond respectively to eqs. (17) and (18) (46), the periodicity of the UA trajectory implies that d) |A + | ∝ |A − |, and the stability of the vacuum fixes the ratio (this will be clearer in sec. II D by comparison with the amplitudes for subluminal dispersion relations). Finally, the fact that UA trajectories are orbits of the boost generator is responsible for e) the proportionality of the Bogoliubov coefficients with the transition amplitudes eq. (50), which gives the former a physical interpretation. 
In a nutshell, both roles of Lorentz symmetry are sufficient to the existence of the Unruh effect. The effect can be characterised by either of the four properties a)-d) presented in sections I A-I D because they are equivalent by Lorentz invariance. We will now show that Lorentz symmetry is also necessary for the existence of the Unruh effect.
II. NO UNRUH EFFECT WITHOUT LORENTZ INVARIANCE
Whenever possible, we will establish general results valid for arbitrary dispersion relations (DR) which we note ω k . The phase and group velocities will be noted
We recall that we work in the units where the velocity of light is 1, which is the asymptotic velocity of the UA trajectory (6) . The DR is called subluminal (possibly on a finite interval only) if v ϕ < 1, and superluminal if v ϕ > 1. We will illustrate our results with the particular case of linear dispersion relations
This case can be treated to a large extend analytically because the field still enjoys a Lorentz symmetry. The state of the field is the ground state defined in the preferred frame and noted |0 (the pseudo-Minkowski vacuum).
A. Bogoliubov coefficients
We first extend the construction of I A to linear DR (59) and show explicitly that the density matrix ρ defined at equation (16) is not thermal. The sub-and superluminal cases must be treated separately. The construction of the Unruh modes is identical to the relativistic case for superluminal DR but it must be amended for v < 1 because of the instability of the vacuum w.r.t. frames β > v. We then briefly discuss generalizations to arbitrary DR.
Linear dispersion relations
The starting point of the analysis of sec. I A is the observation that the R-wedge is globally hyperbolic, or equivalently a smooth time coordinate (namely η from eq. (8)) can be chosen in R such that the surfaces η = cte are Cauchy surfaces. This is a necessary condition so that the solutions of the wave equation 2ϕ = 0 are uniquely determined by boundary conditions on that Cauchy surface. This can be easely adapted to the linear DR (59). The wave equation in the preferred frame is
which is trivially put into the form (1) by a rescalling t = vt since the mass-shell relation (59) enjoys an SO(1, 3) symmetry. The causal properties (60) are determined by the pseudo-light cones v|t| = r, so we define pseudo Rindler wedgesR (L) = {(t, x, y, z)/z ≷ 0, v|t| < ±z}. The metric in these globally hyberbolic space-times is brought into static form by the introduction of the pseudo-Rindler coordinates
inR and with a minus sign inL. We can proceed with the quantization following sec. I A step by step up to eq. (14) and the definition of the a pseudo-Rindler vacuum |0 R |0 L . At this point we must distinguish between super and subluminal dispersion relations. If v > 1, the energy of the pseudo-Minkowski modes is in the preferred frame
The pseudo-Minkowski modes are therefore analytic and bounded functions over the same domain T as the Minkowski modes. The pseudo-Minkowski vacuum is stable, i.e. this is the lowest energy state in any inertial frame. We can therefore continue to follow the procedure of sec. I A step-by-step, define Unruh modes, which gives the unitary map between the pseudo-Minkowski vacuum and pseudo-Rindler Fock state (27). The point of departure with sec. I A is that we assume that the observers live in the wedge R = {z > 0, |t| < z}. If the DR is superluminal,R ⊂ R and there exists observables such that supp(O R ) ⊂ R\R where the pseudo-Rindler vacuum |0 R is not defined, see fig. (1). The trace over L of |0 M 0 M | is therefore not given by (29) . If the DR is subluminal, modes with transverse wavenumbers small enough to verify
break the positivity condition (62). For those modes, we must require that ϕ U Ω of eqs. (17), restricted on the future pseudo-horizon H + , be analytic and bounded in Im( V ) > 0, where V = vt + z. The unique analytic continuation is ( V + i ) iΩ , which leads to an inversion of the ratioβ Ω /α Ω = e +πΩ . (This means not only that for observables restricted to thisR wedge, the density matrix is not thermal, but that it is not a trace operator since Tr(ρ) = ∞.) Then, as in the superluminal case we assume that the observers live in the wedge R = {z > 0, |t| < z} ⊂R and similarly L ⊂L. The state resulting from tracing over L cannot be thermal because it is still correlated in the regionL\L.
In conclusion, the pseudo-Minkowski vacuum restricted to the Rindler wedge R is not a thermal state. The Bogoliubov coefficientsα andβ give the expression of the pseudo-Minkowski vacuum in terms of the pseudoRindler quanta, whereas we are interested in the expression of the pseudo-Minkowski vacuum in terms of the Rindler quanta, i.e.
We will see in sec. II D that the second interpretation of the Bogoliubov coefficients in terms of S-matrix elements is also lost.
Generalizations
In the more general case ω 2 = F (k 2 ), the mode equation in the preferred frame is given by
Since it lacks an SO(1, 3) symmetry, the wave equation in Rindler coordinates mixes non-linearly time and space derivatives, and the notion of Rindler wedgesR,L looses its significance.
But since the settings for the Unruh effect pick a preferred direction, see eqn. (6), one could be curious to consider instead anisotropic dispersion relations with an SO(1, 1) symmetry
This is of course very contrived physically, but we will see that formally this mimics rather closely the settings of Hawking radiation. The pseudo-Minkowski modes solutions of (65) are analytic and bounded in T if and only if F ≥ 0. We can go on defining Rindler coordinates in which the wave equation takes the form
The solutions of positive Rindler frequency are given by (11) with k ⊥ e ζ replaced by F (k 2 ⊥ )e ζ in the argument of the Bessel function. We see again that provided F ≥ 0, the properties of the mode functions are not altered w.r.t. the Lorentz invariant case and we can proceed in a similar fashion as in sec. (I A). In that case we thus recover the Unruh effect at the level of the Bogoliubov coefficients, i.e. eqs. (21)-(23) hold. This is because the characteristics t = ±z of eq. (66) generate the Rindler horizons H ± . We shall return to this in sec. III E.
B. Wightman function
We examine how modifying the dispersion relation affects the analytical properties of the Wightman function. In brief: 1) the analytic properties are essentially the expression of the stability or instability of the vacuum in all inertial frames. There is therefore a sharp distinction between super-and subluminal DR, the latter defining pathological models. 2) Both properties of the Wightman function evaluated on UA trajectory (33), that is invariance by boost and the equilibrium condition (34) are lost.
Inertial frames
In the preferred frame, the solutions of the wave equation ϕ k ∝ e −iω k t+ikx have a positive Klein-Gordon norm.
In a boosted frame t = γ(t+βz), z = γ(z+βt), the norm of the modes ϕ k ∝ exp (−iω k t + ik z ) now depends on the sign of the boosted frequency
We must thus distinguish two cases. First, with superluminal dispersion relations
solutions of positive frequency (or norm) in the preferred frame have positive frequency in all frames. The vacuum |0 defined in the preferred frame is therefore the ground state in all the frames. Hence the Fourier transform of the Wightman function W = 0|ϕ(x + y)ϕ(y)|0 = ϕ * k ϕ k contains only positive frequencies in any frame, and provided the phase velocity does not vanish (otherwise the factor 1/2ω k introduces poles or branch cuts), W (x) has the same analytical properties as in the relativistic case in the sense that the regulator e − k is equivalent to the replacement t → t − i . If the DR violates the positivity condition (68), the Fourier transform of W contains negative frequencies w.r.t. the modes defined in boosted frames such that 1 > β > v ϕ and the analytic properties of W are changed.
Let us illustrate this with the linear dispersion relations (59). The unregularized Wightman function is
where we note η τ = sgn(τ ). The absolute values come from r = |z|, see eq. (31). As we said, if v > |β| we can regularize the integrand with e − k , or equivalently replace τ by τ − i . The integration is straightforward,
and one can write the τ -dependent part in three equivalent ways
The third expression shows explicitely that W In is analytic in the lower half complex τ -plane. For subluminal DR and frames such that β < v < 1, this remains true. If v < β < 1 on the other hand, the Wightman function admits a different representation
the integration of which gives
It is the complex conjugate of the (70) and is analytic in the upper half complex τ -plane. As a result, R − will be found to vanish instead of R + .
UA frames
The same considerations apply to the Wightman function on a UA trajectory. Substituting the parametrization (6) into the regularized integral expression of the Wightman function gives
We introduced the notations
and ∆z = z(τ 1 ) − z(τ 2 ) = 2 sinh(aδ/2) sinh(aτ ). For superluminal DR, that is satisfying (68), the prefactor v ϕ cosh(aτ ) ± η δ | sinh(aτ )| in the first phase is stricktly positive, so that e − k can be replaced by δ → δ − i since
If the DR is subluminal at some value k, the function
We cannot replace e − k by a single prescription δ ± i . The linear DR (59) provides again a good illustration of this. Once the integration in (74) done and the fractions combined, we have
with a∆t = 2 sinh(aδ/2) cosh(aτ ). If v > 1, we can replace the second denominator by
and finally absorb the i into sinh 2 (aδ/2) as done in (76). Hence
where the Lorentz invariant Wightman function W LI (δ) is given at eq. (33) and the function f is given by
Because of f , W ua is not stationary, and a fortiori not thermal. We stress that the factorization of the dependences in δ andτ is not generic. It is a consequence of the linearity of the dispersion relation, and of the properties of the UA trajectories.
For subluminal DR, the function v 2 cosh 2 (aτ ) − sinh 2 (aτ ) becomes negative at the time ρ given by tanh(aρ) = v. Thus forτ ≤ ρ we can still use the prescription δ − i , but forτ ≥ ρ we must replace it by δ + i .
C. Transition rates
In the Golden rule limit (53), the transition rates are given by a Fourier transform of the Wightman function. The properties of the latter therefore pass on to the former: the transition rates are not stationary, and their ratio is not the Boltzmann factor. We show this explicitly with linear DR (59). In appendix B we use asymptotic expansions of the Wightman function and transition rates to estimate the proper time interval elapsed since the beginning of the acceleration after which stationarity and thermality are lost for more general DR. The result is
The lower bound excludes transients. If we take M equal to the Planck mass, the upper bound can be as high as 100.
Inertial detector
We start with the integral representation (69) regularized with e − k and integrate by parts
where G(k) = k dk vϕ and we note ω ± = γ(ω k ± βk). The boundary term vanishes at both the lower and upper bounds. We then substitute this expression in (53) and exchange the order of integrations
As expected, R In + = 0 if ω − < 0. We can further write
where k ± p and s ± p are defined by
The calculation with a linear dispersion relation (59) provides an independent check of this result since in that case we have integrated over k first, and the integral over τ can be done by application of the theorem of residues. For superluminal DR, we use (70) and get
which is also the result obtained by application of the expression (85). For subluminal DR, the previous result is still true as long a β < v. For β = v the Wightman function is not defined and for β > v the i prescription must be complex conjugated, i.e. the numerator of (32) is (v 2 −β 2 )(τ +i ) 2 and we now find
which matches with (85). The vacuum of the quantization in the preferred frame appears to this observer as a negative energy state with respect to his ground state.
UA trajectories
We lack analytical tools to study the general case of an arbitrary dispersion relation. In appendix B we use Taylor expansions to show that stationarity is lost after a few thermal periods a/2π at best. Below we establish results for the linear dispersion relations (59). The Wightman function (74) is not stationary, which means that we cannot calculate the transition rates (53) with a contour integral. We find however that the "even" part of the transition rates
can still be calculated as a sum of residues. We call it the "mean rate". IfR is not constant, then dR/dτ is not an even function and R(τ ) is not constant. We must as before distinguish between super and subliminal DR. We consider first phase velocities v > 1. We introduce the Rindler time aρ defined by
in order to write the denominator in (81) as a product v 2 cosh 2 (aτ ) − sinh 2 (aτ ) = (v 2 − 1) cosh a(ρ − τ ) cosh a(ρ +τ ). After the change of variable x = aτ1 2 , the expression ofR + is
W LI has a familly of douple poles at inπ + i and f has two families of simple poles
Note that these poles are shifted by i π 2 with respect to the double poles inπ. The importance of this structure will be better understood in the calculation of the amplitudes. One obtains
where f (τ ) is defined at eq. (81). We refer to the figures 2 and 3 for further details on these expressions. AlthoughR ± (τ ) is not the transition rate, the fact that the second term (93) is common to both mean rates shows that the rates are not time independent and that their ratio is not a Boltzmann factor for times |τ | ≥ ρ
We also calculated numerically the transition rates. They are shown on fig. 4 and 5. We observe that they are equal to the Lorentz invariant ones inside the interval |τ | ≤ ρ, and asymptote rapidly to zero outside, but are equal. Between these two regimes, the transition rates experience a burst. (dashed) with a = 1, and E = 1. The deviations from the Lorentz invariant occurs at times |τ | ≥ ρ where ρ is defined at eq. (90). Its values are respectively 11.9 and 9.6
For v < 1, the Wightman function does not have a single analytic expression in δ for all values of τ and we cannot calculateR ± by an integral contour. In preparation of the analysis of the S-matrix elements, it is nevertheless useful to examine the changes in the analytic structure of the integrand (89) compared to the superluminal case. For v < 1, we introduce in place of (90) coth(aρ) = v .
The rapidity aρ was previously introduced after eq. (81) as the critical value of proper time after which the prescription in the Wightman function must be changed to
The ratio (R+(τ )/R−(τ ))e 2πE/a of the mean rates normalized to the Boltmann factor. We took v = 1 + 10 −10 , a = 1, and E = 1 (plain), E = 0.8 (dashed). Deviations from the Lorentz invariant result are of order 1.
FIG. 4:
The transition rate R+(τ ) normalized to the Lorentz invariant value. We took v = 1 + 10 −6 , a = 1, α = 0, and E = 0.1. It is equal to 1 for times |τ | ≤ ρ 7.3, and after a burst around |τ | ρ it vanishes exponentially. τ ) sinh a(ρ +τ ), whose poles are
Contrary to superluminal velocities, all the poles are arranged on lines Im(τ ) = ipπ. We will now see how this analytic structure appears in the transition amplitudes.
D. S-matrix elements
We first give exact expressions. Again sub-and superluminal DR give different results. The ratio of the transition probabilities is the Boltzmann factor if ω k ≥ k, and one if ω k < k. The latter result is a dramatic consequence of the instability of the vacuum.
We then calculate again the transition amplitudes by the method of steepest descent for the role of the analytic properties of the modes in the previous results appears more clearly with this method.
Exact expressions
The inertial case is readily dealt with. The amplitudes are still given by (42). Provided condition (43) We now turn to the UA trajectory. We use the same notations as in sec. I C except for k ⊥ in eq. (46) which should be replaced by its more general expression z = k + k − , see eq. (44). The superluminal case is a repetition of the Lorentz invariant one because ω k > k z in every Lorentz frame. We get
The only essential difference is that
, the ratio of the probabilities is still a Boltzman factor
The description of the subluminal case with small values of the transverse wavenumber is however different. Now either k + or k − is negative. Let us say k − < 0 for definiteness. With the change of variables
where we note z = −k + k − . This integral is defined as the analytic continuation of the modified Bessel function in terms of Hankel functions,
ν (z), we now have
This result could have been almost anticipated from the response of the inertial detector since then we also noticed that both channels, excitation and desexcitation of the detector by emission of a quantum, can occur. What is perhaps surprising about (101) is that it is independent of the energy gap, as if the detector was coupled to a "reservoir" of infinite energy. We explain this by the fact that the vacuum defined in the preferred frame is unstable in frames β ≥ tanh(v ϕ ), hence along most of the UA trajectory. (The ratio (101) is what one would obtain in a thermal bath at infinite temperature, but one should not use this misleading analogy because the UA detectors does not react as in a thermal bath.)
Steepest descent approximation
Looking at the integral expressions (46) and (99), we see that they differ only by a shift iπ/2 of the variable of integration, since i sinh(y) = cosh(y + iπ/2). A similar shift by iπ/2 was found in the position of the simple poles of the Wightman function between the superluminal (92) and subluminal DR (96). To better understand how these two analytic structures are related, we evaluate the previous integrals by the method of steepest descent.
where η = ±1. From now on we work in the units of E. The results of the analysis, presented in appendix C, are summarized by the fig. 6 and 7. The two cases they represent are respectively ∆ > 0 and < 0, where
The figures represent the real part of f (x + iy), the dots are the saddle points x ± (two in each case), and the curves are the path of stationary phase, i.e. the solutions of Im(f [γ(λ)]) = Im(f (x ± )). Only in the case ∆ < 0 does this curve verify the additional condition arg f (x ± )(x| γ − x ± ) 2 = π so that it corresponds to the steepest descent path.
In more details, for ∆ > 0 (subluminal DR and slightly superluminal DR), the steepest descent path does not exist. The curve of constant phase first climbs from an abyss before reaching the saddle point, and leaves it to ascend a mountain. If it existed, the steepest descent path would instead continue progressing toward increasing Im(x) in order to reach the abyss nearby.
FIG. 6:
Region I and II of parameter space (ω, kz) corresponding to ∆ < 0. The real part of f (x) as a function of Re(x) and Im(x). The dots are the saddle points and the curves on the surface are the solutions of (C7). We took ω = 1.5, kz = 2 and η = −1. The figure for η = +1 is similar.
For ∆ < 0 (superluminal DR), the steepest descent path exists. It is the curve of stationary phase (C14) passing through the saddle point x + . The crutial difference with the previous case is that abysses on the side Re(x) > 0 face abysses on the opposite side, while in parameter regions I and II their relative positions is shifted by π/2, mountains thus facing abysses. The real part of f (x + iy) is indeed
The behaviour at large x of the former expression, valid in regions I and II, depends on the sign of x. For x > 0, it diverges to +∞ for y ∈ ]π, 2π[, and for x < 0 it diverges to +∞ for y ∈ ]0, π[. Again, mountains are facing abysses. The asymptotic behaviour of the second line of (103), relevant for region III, is independent of the sign of x and mountains on one side thus face mountains on the other side. We note finally that both the relative positions of the mountains and abysses and the angle of the tangent at the saddle point go hand in hand since f (x) = iηx + f (x), and it is f which determines both. This establishes that the additional poles of the Wightman function (92) and (96) are in one-to-one correspondance with the positions of the maxima of Re(f ) (again, this was expected since transition amplitudes and Wightman function are build from the modes).
We finish with the expression of the amplitude in region III evaluated on the steepest descent path
Reminding that K ν ∼ π 2z e −z for z 1, these expressions are indeed the ω k z limit of (97).
E. Discussion
We saw in sec. I that Lorentz symmetry assumes a double role: it ensures the stability of the vacuum in any frame and endowes the UA trajectories with special properties which gave in turn the stationarity and thermality of the Wightman function and transition amplitudes and rates. In this section we first saw that stability is preserved only by superluminal DR (68). Second, stationarity and thermality are lost simultaneously. Third, the transitions are equal to the Lorentz invariant ones over a finite interval and deviate significantly from them outside that interval. This interval is fixed by the value of the Lorentz factor (7) such that the detector probes the non trivial properties of the dispersion relation. Quite remarkably, no matter how small the deviation from ω = k may be, once Γ is large enough the transition rates deviate appreciably from the Lorentz invariant ones. With a linear DR (59), fig. 4 and 5 show that the transition rates are exponentially close to the Lorentz invariant ones for |τ | ≤ ρ and exponentially small and equal for |τ | ≥ ρ. The transition between the two regimes is moreover sharp. For more general DR, we showed in the appendix B that the corrections are controled by the Lorentz factor times E/M or a/M , see eqn. (B9).
By Lorentz symmetry we have four equivalent ways to demonstrate the Unruh effect. This equivalence is lost in the present case. In particular the mathematical construction which consists in the definition of a quantum field theory in a Rindler wedge has no operational meaning (the Bogoliubov coefficients are not proportional to the transition amplitudes of detectors). Note also that one should not interprete the value of the ratio of the transition amplitudes for superluminal DR (98) as the proof of the Unruh effect, because only inclusive probabilities are measurable. In relativistic theories we can use the ratio to characterize the effect because, by Lorentz invariance of the measure d 3 k/ω k , the amplitudes give the transition rates (56). Without Lorentz invariance, the transition amplitudes sum up instead to non stationary transition rates.
In conclusion, we have seen that Lorentz invariance is both necessary and sufficient to the Unruh effect which can be characterized in four equivalent ways, although only the transition rates of a detector are measurable quantities. Without Lorentz symmetry, this equivalence is lost and the transition rates differ significantly from the Lorentz invariant ones after a proper time at which the Lorentz factor of the detector is high enough to probe the non trivial features of the dispersion relation (v − 1 or E/M ). One expects however that this value is very high, simply because the scale at which Lorentz invariance might occur is very high. It seems therefore unlikely that the Unruh effect could be used as a practicle test of Lorentz invariance.
III. COMPARAISON OF THE UNRUH EFFECT WITH HAWKING RADIATION
Hawking radiation (HR) designates the property of the vacuum as defined by observers in free fall near the horizon to correspond to a thermal bath for distant observers. The first four subsections contain review material. Their presentation is however sketchy and the reader will find further details in references [2, 11, 13, 14] in particular. The comparison with the Unruh effect is done in section III E.
To begin, it is worth recalling that HR has little to do with gravity in the sense that whether the metric is a solution of the Einstein's equations or not is irrelevant to the matter [11] (but field equations are necessary to establish the laws of black hole thermodynamics). What does this mean exactly for a Schwarzschild black hole? The metric outside the black hole in static form is
The curvature is given by R ab = 0, C abcd C abcd = 12r 2 s /r 6 , and the surface gravity is κ = GM/r 2 s . Hawking's result uses only those properties of space-time which survive in the limit
where gravity is decoupled while the geometry is fixed. Indeed in this limit the curvature and surface gravity, which are defined and calculated without recourse to the field equations, depend only on r s and are therefore invariant. Two additional quantities are important (the field equations are required to show the following results). First the evaporation time t ev ∝ G 2 M 3 / c 5 → ∞, that is backreaction vanishes, which shows that the limit of fixed background is self-consistent. Second, the entropy S = 4πGM 2 / c → ∞, hence quantum field theory is in principle valid down to arbitrarily small scales. This is because to a region of size r s is associated a maximal density of state e S [12] in a dynamical theory of gravity. This statement is incompatible with a relativistic field theory which has an infinite density of states by Lorentz invariance. Conversely if relativistic quantum field theories in curved space time are valid, the entropy of the black hole (which saturates Bekenstein's bound) must be infinite.
A. Radially free falling frames
Let us now proceed with the derivation of HR. As we said the state of the field is the vacuum as seen by geodesic observers. Begin thus with the construction of a one-parameter family of coordinates (τ, ρ, θ, φ) attached to observers radially free-falling [13] . This family is parameterized by the Lorentz factor γ of the observers at infinity
τ is their proper time and ρ is the proper radial coordinate on the surfaces of constant τ . The radial velocity is given by
The sign in front of the square root is negative because we consider infalling geodesics. These coordinates are related to the Schwarzschild coordinates by
Only the near and far horizon limits are actually interesting
Near the horizon the R(r) ∼ r * (r) = r + r s ln(r/r s − 1), the tortoise coordinate defined by dr * = dr/f (r), so τ → γ(t + r * ) where t + r * is the advanced EddingtonFinkelstein null coordinate. Far from the horizon, τ → γ(t − v ∞ r) is naturally the proper time of observers boosted with the static observers w.r.t. the black hole. The line element
is stationary and rotationaly invariant. The radial component of the shift vector is −v(ρ). The Schwarzschild radius r = r s corresponds to v(ρ s ) = −1 and near the horizon the expansion
will be used, where
is the surface gravity seen by these observers at infinity.
B. Partial wave decomposition of the field equation
We now pick one of these free fall frames and define the modified dispersion relation from the quadratic action
1 We report a typo in eq. (3.4) of [13] . One should read τ /γ = T = t + r √ 1 − pf + ... instead of T = t + r(1 − pf ) + .... It can be easely checked in taking the limit ρ → ∞ that the latter expression is incorrect. 2 It is customary to choose the frame at rest at infinity as the preferred frame. This is probably an implicit simplifying assumpwritten in covariant form with the help of the 1 + 3-decomposition of the metric: n = (1, v, 0, 0) is the unit vector normal to the surfaces of constant τ , q ab = g ab + n a n b is the induced (contravariant) metric tensor on these surfaces, and ∆ = q −1/2 ∂ a √ab ∂ b the corresponding Laplacian. In the following two subsections we review in turn the Lorentz invariant case F = 0, and the changes introduced by F = 0.
The Klein-Gordon scalar product
is conserved on the solutions of the field equation. This equation
is separable for the ansatz
where the radial functions ϕ ωl are solutions of
The prime stands for the derivative with respect to ρ. The auxillary functions appearing in this equation are the transverse momentum
and the effective potential V l = k 2 l − 2vv r r . We introduced the second order derivative operator D defined by
Its explicite expression is
C. HR with Lorentz invariance
In this section, F = 0. Equation (119) has the particular property that the coefficient of ∂ radiation at infinity and the free fall vacuum. HR is established by showing that these two sets of modes are related by a Bogoliubov transformation similar to (21)-(23). This is most simply done by solving the field equation in the eikonal approximation
where A is a slowly varying function compared to the Hamilton-Jacobi action S. By separation of variables, S = −ωτ + l(l + 1)θ + ρ dρ k ω (ρ ) where k ω are the solutions of the quadratic equation
with k l defined at eq. (120). The two roots are
Far from the horizon v → v ∞ , k l → 0, and k ± → ω/(v ∞ ± 1). The solutions k − (ω) < 0 are propagating towards the black hole (thus describe infalling radiation)
To get the second expression we substituted eq. (111). The solutions k + (ω) > 0 propagate away from the black hole and describe the HR emerging at infinity
Near the horizon, the infalling solution becomes
and does not present any particular interest. The state of these modes is assumed to be the vacuum. The other solution k + ∼ ω x is singular at the horizon and describes two types of modes with support on either side of the horizon
where we have omitted terms O(1) in the phase. The modes φ hr describe Hawking radiation. Note that the asymptotic forms (128b) and (126) can be written e −iγωu in terms of the advanced null coordinate u = t − r * . The modes φ ptn * are trapped inside the horizon and describe the partners of the quanta of Hawking radiation. They are complex conjugated so that they have a positive norm.
This completes the description of the solutions relevant for the quantization by observers at infinity. Freely falling observers on the other hand are assumed to experience the vacuum as they cross the horizon. One defines the free fall vacuum in a similar way to the Unruh vacuum in sec. I A. One constructs a basis of modes φ U regular across the horizon and with the following properties: i) they are eigenmodes of the Killing vector ∂ τ ,
ii) they are eigenfunction of the Lie derivative with respect to the unit vector n orthogonal to the surfaces of constant τ
with Ω > 0, so that they have positive norm (116). One notices that near the horizon we have the identity
Hence the solutions e −iγω(t−r * ) have positive (negative) free fall frequency outside (inside) the horizon. Similarly, the solutions e +iγω(t−r * ) have positive free fall frequency inside the horizon. Reminding that e iωr * = x iω/κγ , one infers that near the horizon
(we suppressed the term Y lm for a better lisibility). The unique analytic continuation of x iω/κγ which is bounded in the domain {Im(t) < 0, Im(r * ) ≤ −Im(t)} is
The coefficient α is fixed by the normalization. With the branch cut of the logarithm along the negative real axis, the r.h.s. evaluates to the sum
with the ratio of the Bogoliubov coefficients
D. HR without Lorentz invariance
There are three key elements in the derivation of (134). One is the universal behaviour of the coordinate τ (t, r) near the horizon. Modifying the dispersion relation does not change this. The second is the logarithmic dependence of the modes near the horizon as a function of x. The third is the branch cut associated with the analytic extension of this logarithm. It was introduced when we chose the state to be the free fall vacuum. Let us now examine the changes caused by F = 0. The following discussion is mainly qualitative.
The origin of the logarithm is the "kinetic" term of eq. (119), i.e. the differential operator on the l.h.s of this equation. We can factorize the latter into an infalling and an outgoing part ∂ inf ∂ hr ϕ where
The solution of the former is φ inf of eq. (127), and the solution of the second describes Hawking radiation (128). Since this operator is the difference of the l.h.s. of (117) with the Laplacian ∆φ, whenever one replaces in the action φ∆φ by φ(∆ + F (∆))φ as in (115), this kinetic operator is preserved. So we also expect to find solutions with a branch cut in that case.
Indeed, taking the Fourier transform w.r.t. x of the limiting expressions of (136) near the horizon gives
where V l is a constant near the horizon. Note that the function F differs from F of the dispersion relation by terms containing derivatives of k 2 l , possibly coupled to derivatives of ϕ. For instance, a term D 2 ϕ gives
φ. Similarly, a term D n ϕ produces a homogeneous polynome of order 2n multiplyingφ. Only for the s-wave (or in 1 + 1 dimensional models) do we have
. These terms could affect significantly the grey body factor. Let us now consider the left hand side of (137). In relativistic theories, we know that first black holes are black bodies, so the typical frequency of Hawking radiation is given by the temperature, i.e. ω = O(κ), and second, the physically interesting region is κ γ x 1. In other words HR corresponds to low frequencies and high wavenumbers k ω. We thus replace ω + 2k on the l.h.s. of (137) 2 . This approximation, also adopted in [14] , amounts to neglect the coupling between the outgoing and infalling solutions (the latter corresponding to the root ω + 2k = 0 as we know from the WKB solution). This coupling can indeed be argued to be innocuous [15] . Under certain assumptions, e.g. analyticity of F , the inverse Fourier transform can be estimated in the steepest descent approximation, in which case HR is found, see [14] and [16] for more details. Its origin is clearly identified as the branch cut of ϕ 0 .
This leaves the question of the state. At least one condition seems necessary so we can assume that the field is in the free fall vacuum, namely that the evolution of the modes is adiabatic [2, 14] . This places certain constrains on the dispersion relation. For instance, if F is polynomial of order 2n, the modified dispersion relation (ω − vk)
l ) posesses 2n solutions amongst which 2p ≥ 2 are real and 2(n − p) are complex conjuguate. In that case a necessary condition for adiabaticity is the absence of level crossing between the real roots. This can happen via a kind of seesaw mechanism if the modifications of the dispersion relation are characterized by a very high scale M ω ∼ κ. It requires some care to analyse the contribution of the complex roots, but again they should not affect the low energy part of the spectrum, adiabaticity implying their decoupling from the high energy modes. A detailed analysis of these complex roots for the DR k 2 ± k 2 /M 2 confirms this qualitative argument [17] .
The fundamental part played by adiabaticity should not be surprising if one recalls that modified actions such as (115) describe an effective field theory, and in a non trivial background, both scale separation and adiabaticity are necessary to validate this framework [18] .
E. Comparison
Let us finally return to the question of the relationship between the Unruh effect and Hawking radiation. HR is habitually proved by finding the ratio of the Bogoliubov coefficients as in eq. (135) and is therefore determined by the solutions of the field equation. One set of modes (and therefore the corresponding state) are regular across the horizon (Minkowski/Unruh-like), while the other set (Rindler/outgoing) have a logarithmic singularity (in V = t + z or x).
The essential difference is the role played by the horizon in the dynamics of the field. There are actually two notions of "horizon" that should be distinguished. One is the surface of infinite redshift associated with the observers, that is the surface v = −1 for observers far from a black holes, as examplified by (128) and (131), and the null planes t = ±z for the uniformaly accelerated observers. The other is the locus of the logarithmic singularity of the modes. Without Lorentz invariance, these two notions still coincide for a black hole, but they differ in flat space. Indeed, whether the dispersion relation is relativistic or not, the field equation (119), or (136b), is singular at v = −1. In contrast, the horizon of uniformaly accelerated observers is not the locus of singularity of the (pseudo-)Rindler modes, which is v 0 t = ±z for linear dispersion relations ω k = v 0 k, and which is not defined for general dispersion relations because of the non linear mixing between Rindler coordinates. This explains also why the dispersion relations (65) with a SO (1, 1) symmetry mimic better the black hole context, because in that case the modes are still singular on the observer's horizon.
As any phenomenon of pair creation from an unstable ground state, Hawking radiation is characterized by a branch cut, namely (133), or more generally k −iω/κγ from (137). This branch cut is robust because the higher derivative terms do not mix with the operator on the left hand side of (119) or its Fourier transform (137). We already gave a necessary condition for this: that the gradients term in the action be replaced by ∆ + F (∆). There is a second condition that we did not mention so far, although it should be quite obvious. All the results of the previous sections depend on the fact that the observers at infinity and the observers near the horizon belong to the same referential, that is they are all freely falling observers characterized by the same Lorentz factor γ. This should be contrasted with the Unruh effect where it is necessary to boost a detector continuously (at a constant acceleration). In the case of HR on the other hand, the redshift between free fall observers near and far from the horizon is purely gravitational, that is caused by the curvature. An observer equiped with a two-level detector and freely falling but with a different Lorentz factor γ would observe similar phenomena as the ones described in the first part of the paper. For instance, if the dispertion relation is subluminal, it would perceive the free fall vacuum of the other observers as unstable if it is sufficiently boosted w.r.t. them.
One sometimes invokes the equivalence principle as the reason for the analogy between the Unruh effect and Hawking radiation. This is clearly not correct, for otherwise we would not expect to find a Hawking-like radiation of phonons in a variety of condensed matter systems (dumb holes) with an acoustic horizon, since this prediction does not require either the Einstein's equations, nor even Lorentz symmetry. What the equivalence principle does imply however is that, if the preferred frame is not the one with γ = 1 (and there is no reason why it should be, see footnote 2), a static observer at fixed radial distance from the black hole should record transition rates similar to those of sec. II C.
In brief, the prediction of Hawking radiation rests on the fact that the field equations in a black hole metric are singular on a surface which coincides with the horizon of asymptotic observers. As long as modified dispersion relations do not alter this property of the field equation (and provided the evolution of the state is adiabatic), Hawking radiation is expected to be robust (in the preferred frame). By contrast in 3 + 1 Minkowski space, the locus where the the Rindler modes are singular coincides with the horizon of uniformaly accelerated observers only if Lorentz invariance is assumed. 
We used the property (A2). The terms ϕ M * kz are absent from (18) . Since the Minkowski modes form an orthonormal basis, each term in the brackets multiplying ϕ M * kz must vanish and therefore
Finally substituting these expressions into the first line of (A6) one gets with the help of the unitarity relation |α Ω | 2 − |β Ω | 2 = 1
Similarly one obtains B Ωkz = β 
is passed, so the steepest descent path does not exist. Fig. 6 shows Re (f (x)) in the complex x-plane. Indeed, the angle of the tangent of the curves is not continuous at the saddle point, so it does not verify (C9). In region III, the steepest descent path exists. It is the curve of stationary phase (C14) passing through the saddle point x + .
